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Abstract
In this paper, we give a general formula for a Renner monoid of a reductive monoid with zero.
It is based on Putcha’s type map. We apply this formula to find the orders of the Renner monoids for
J -irreducible monoids K∗ρ(G) where G is a simple algebraic group over an algebraically closed
field K , and ρ :G → GL(V ) is an irreducible representation associated with an arbitrary fundamental
dominant weight.
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1. Introduction
A linear algebraic monoid is an affine variety defined over an algebraically closed
field K together with an associative morphism and an identity. The unit group of an alge-
braic monoid is an algebraic group. An algebraic monoid is irreducible if it is irreducible
as a variety. An irreducible monoid is reductive if its unit group is a reductive group.
Let M be a reductive monoid with unit group G. Throughout this paper we assume
that M has a zero element 0. Let B ⊂ G be a Borel subgroup, T ⊂ B be a maximal torus,
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Then R = NG(T )/T is an inverse monoid with unit group W . The monoid R is then called
the Renner monoid. Let T¯ be the Zariski closure of T in M and E(T¯ ) = {e ∈ T¯ | e2 = e} be
the set of idempotents in T¯ . Then R = 〈W,Λ〉, where Λ = {e ∈ E(T¯ ) | Be = eBe} is the
cross-section lattice of M . Renner found a monoid analogue of the Bruhat decomposition
for reductive monoids (see [8,12–14] for more details):
(i) M =⊔x∈R BxB ,
(ii) sBx ⊂ BxB ∪ BsxB, xBs ⊂ BxB ∪ BxsB where s is a simple reflection of W
and x ∈ R.
This shows that the Renner monoid plays the same role for reductive monoids as the Weyl
group does for reductive groups.
Putcha’s type map (see Definition 2.1) is the monoid analogue of the Coxeter–Dynkin
graph [12]. The orders of the Weyl groups are completely determined by the Coxeter–
Dynkin diagrams (refer to [2, Theorem 11.6]). This motivates the authors to find the
orders of the Renner monoids by the type maps. Putcha and Renner found the type maps
of J -irreducible monoids in [11]. A reductive monoid with zero is called J -irreducible if
its cross-section lattice has a unique minimal nonzero idempotent.
In this paper, we derive a general formula for the orders of the Renner monoids of
reductive monoids with zero using their type maps (Theorem 2.1). As an application of
the formula, we completely determine the orders of the Renner monoids of J -irreducible
monoids M = K∗ρ(G) where G is a simple algebraic group over K , and ρ :G → GL(V )
is an irreducible representation associated with an arbitrary fundamental dominant weight
(Theorem 3.3). The orders of Renner monoids for the classical algebraic monoids of type
Al , Bl , Cl , and Dl were studied by Zhenheng Li and Lex Renner using admissible sub-
sets and elementary matrices in [3–5,13]. These classical monoids are the special cases
of J -irreducible monoids associated with the first fundamental dominant weight.
2. Formula
The purpose of this section is to give a general formula for calculating the orders of the
Renner monoids of reductive monoids with zero. It is based on Putcha’s type map, which
plays a very important role in the structure theory of reductive monoids. Its definition is
given below. See [6,7,10,11] for more details about the type map.
Definition 2.1. Let M be a reductive monoid and let G, B , T ⊂ B , W be as above. Let Δ
be the set of simple roots relative to T and B , and S = {sα | α ∈ Δ} be the set of simple
reflections that generate the Weyl group. Let Λ be the cross-section lattice of M . Putcha’s
type map
λ :Λ → 2Δ
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λ(e) = {α ∈ Δ | sαe = esα}.
As usual, we give Λ the partial order, for e, f ∈ Λ,
f  e if and only if ef = f = f e.
To agree with Putcha and Renner’s notations, let W(e) = Wλ(e) = {w ∈ W | we = ew}, the
associated parabolic subgroup of W . Let λ∗(e) =⋂fe λ(f ) and W∗(e) =⋂fe W(f ).
Also, let λ∗(e) =⋂fe λ(f ) and W ∗(e) =⋂fe W(f ). The following results are due to
Putcha and Renner [10]; they can also be found in [9,12] (for example, of [9, formulas
(8)–(10)] and [12, Section 7.5.1]).
Proposition 2.1. For e ∈ Λ,
(i) λ∗(e) = {α ∈ Δ | sαe = esα 	= e}, and λ∗(e) = {α ∈ Δ | sαe = esα = e}.
(ii) λ(e) = λ∗(e) unionsq λ∗(e).
(iii) W ∗(e) = Wλ∗(e).
(iv) W∗(e) = Wλ∗(e) = {w ∈ W | we = ew = e}.
(v) W(e) = W ∗(e) × W∗(e).
We can now give the general formula for calculating the cardinalities of the Renner
monoids of reductive monoids with zero.
Theorem 2.1. The order of the Renner monoid R of a reductive monoid with zero is:
|R| = 1 +
∑
e∈Λ\{0}
|W |2
|Wλ(e)| × |Wλ∗(e)|
= 1 +
∑
e∈Λ\{0}
|W |2
|Wλ∗(e)| × |Wλ∗(e)|2
.
Proof. It is clear that R has a zero. By formula (15) of [9],
R = {0} unionsq
⊔
e∈Λ\{0}
WeW = {0} unionsq
⊔
e∈Λ\{0}
D∗(e) · e · D(e) (unique),
where D(e) is the set of minimal coset representatives of W/Wλ(e), and D∗(e) is the set of
minimal coset representatives of W/Wλ∗(e). Theorem 2.1 follows by taking the cardinali-
ties and using (v) of Proposition 2.1 
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nal proof we considered the action of W × W on R defined by (w1,w2)r = w1rw−12 , and
observed that the isotropic group of e ∈ Λ is
(W × W)e =
{
(w,ww∗) ∈ W × W | w ∈ Wλ(e) and w∗ ∈ Wλ∗(e)
}
.
It follows easily that |WeW | = |W |2/(|Wλ(e)| × |Wλ∗(e)|), and Theorem 2.1 is correct.
3. Application
We apply Theorem 2.1 to compute the orders of the Renner monoids of the J -
irreducible monoids M = K∗ρ(G) where G is a simple algebraic group over K and
ρ :G → GL(V ) is an irreducible representation associated with an arbitrary fundamen-
tal dominant weight. For completeness, we first draw all Dynkin diagrams and give the
orders of the Weyl groups for the reference of the next subsections. We then describe the
type maps of J -irreducible monoids associated with a dominant weight. The main results
are given in Theorem 3.3.
3.1. Orders of the Weyl groups
From Theorem 2.1 we know that the orders of the Weyl groups are necessary in calcu-
lating the cardinalities of the Renner monoids.
Theorem 3.1. [2, Theorem 11.6] Let Δ = {α1, . . . , αl} be the set of simple roots and α0 =
h1α1 + · · · + hlαl the highest root. Let c be the determinant of the Cartan matrix. Then
|W | = (l!)
(
l∏
i=1
hi
)
c.
The Dynkin diagrams of simple groups and the orders of the Weyl groups are listed
below (see [1,11]). Note that the number above or beside each node is the index of
the associated simple root and α0 is the highest root relative to the set Δ of simple
roots.
Al :
α0 = α1 + α2 + · · · + αl ; |W | = (l + 1)! (l  1).
   
1 2 l − 1 l
. . . . . .
Bl :
α0 = α1 + 2α2 + · · · + 2αl ; |W | = (l!)2l (l  2).
   
1 2 l − 1 l
. . . . . . . >
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α0 = 2α1 + · · · + 2αl−1 + αl ; |W | = (l!)2l (l  3).
  . . . . . . .  < 
1 2 l − 1 l
Dl :
α0 = α1 + 2α2 + · · · + 2αl−2 + αl−1 + αl ; |W | = (l!)2l−1 (l  4).
  


1 2 l − 2
l − 1
l
. . . . . . .


E6:
α0 = α1 + 2α2 + 3α3 + 2α4 + 2α5 + α6; |W | = 27345.
    

1 2 3 5 6
4
E7:
α0 = α1 + 2α2 + 3α3 + 4α4 + 2α5 + 3α6 + 2α7; |W | = 210345 × 7.
     

1 2 3 4 6 7
5
E8:
α0 = 2α1 + 3α2 + 4α3 + 5α4 + 6α5 + 3α6 + 4α7 + 2α8; |W | = 21435527.
      

1 2 3 4 5 7 8
6
F4:
α0 = 2α1 + 3α2 + 4α3 + 2α4; |W | = 2732.
 >  
1 2 3 4
G2:
α0 = 2α1 + 3α2; |W | = 12.
> 
1 2
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Let G be a simple algebraic group, and let ρ :G → GL(V ) be an irreducible represen-
tation. Then
M = K∗ρ(G)
is a J -irreducible monoid. The following theorem is due to Putcha and Renner, which is a
summary of [11, Corollary 4.11 and Theorem 4.16].
Theorem 3.2. Let M be a J -irreducible monoid associated with a dominant weight μ and
J0 = {α ∈ Δ | 〈μ,α〉 = 0} (see [12, p. 16] for the bracket). Then
(i) λ∗(Λ \ {0}) = {X ⊆ Δ | X has no connected component that lies entirely in J0}.
(ii) λ∗(e) = {α ∈ J0 \ λ∗(e) | sαsβ = sβsα for all β ∈ λ∗(e)}, for e ∈ Λ \ {0}.
The cross-section lattices of J -irreducible monoids with an arbitrary dominant weight
were first determined by Putcha and Renner (refer to [11,12] for more information).
3.3. Orders of the Renner monoids
For the remainder of the paper, we assume that Mi = K∗ρ(G) where G is a simple alge-
braic group over K , and ρ :G → GL(V ) is an irreducible representation associated with an
arbitrary fundamental dominant weight μi relative to Δ = {α1, . . . , αl}, i.e., 〈μi,αi〉 = 1
and 〈μi,αj 〉 = 0 for i 	= j .
Theorem 3.3. Let Ri be the Renner monoids of Mi for 1  i  l. Then the orders |Ri |
of Ri are given below:
(a) Type Al : For 1 i  l with l  1,
|Ri | = 1 +
∑
0j<i<kl+1
or j=i=k
(
l + 1
k
)2(
k
j
)2
(k − j)!.
(b) Type Bl : For 1 i  l with l  2,
|Ri | = 1 +
∑
0j<i<kl
or j=i=k
4k
(
l
k
)2(
k
j
)2
(k − j)! +
∑
0j<i
2l+j−1
(
l
j
)2
(l − j)!.
(c) Type Cl : For 1 i  l with l  3,
|Ri | = 1 +
∑
0j<i<kl
4k
(
l
k
)2(
k
j
)2
(k − j)! +
∑
0j<i
2l+j−1
(
l
j
)2
(l − j)!.or j=i=k
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|Ri | = 1 +
∑
0j<i<kl
or j=i=k
4k
(
l
k
)2(
k
j
)2
(k − j)!
+
∑
0j<i
(
2l+j−1 − 22l−1)( l
j
)2
(l − j)!.
(2)
|Rl−1| = |Rl | = 1 + 22l−2 + 22l−3l2(l − 1)2 +
∑
0jl−3
(2l+j−1 + 22l−2)
(
l
j
)2
(l − j)!.
(e6) Type E6:
|R1| = |R6| = 64375642 = 2 · 32187821,
|R2| = |R5| = 363393217 = 11 · 3137 · 10531,
|R3| = 636958081 = 53 · 977 · 12301,
|R4| = 113068225 = 52 · 4522729.
(e7) Type E7:
|R1| = 36766986593 = 15667 · 2346779,
|R2| = 238646135953 = 683 · 349408691,
|R3| = 472738581505 = 5 · 41 · 2713 · 849997,
|R4| = 552808488961 = 9067 · 60969283,
|R5| = 81085142017 = 11 · 163 · 45223169,
|R6| = 280568365057 = 43 · 6524845699,
|R7| = 44520456709 = 281 · 158435789.
(e8) Type E8:
|R1| = 332011601568001 = 4969 · 7187 · 9296867,
|R2| = 2449789803417601 = 283 · 523 · 16551627289,
|R3| = 5356773654220801 = 43 · 71 · 509 · 3447138313,
|R4| = 6846180009984001 = 23 · 29 · 563 · 25579 · 712739,
|R5| = 6848696597299201 = 31 · 137 · 241 · 3701 · 1807963,
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|R7| = 3121844579942401 = 14419 · 216509090779,
|R8| = 442361092665601.
(f4) Type F4:
|R1| = |R4| = 103105 = 5 · 17 · 1213,
|R2| = |R3| = 452737 = 167 · 2711.
(g2) Type G2:
|R1| = |R2| = 121 = 112.
Proof. The main procedure of the proof for each case is to calculate the orders of two-
sided W orbits WeW for e ∈ Λ \ {0}, and then put them together to get the order of R by
Theorem 2.1. Note that
J0 = Δ \ {αi} = {α1, . . . , αi−1, αi+1, . . . , αl}
and λ(e0) = λ∗(e0) = J0 and λ∗(e0) = ∅ where e0 is the minimal idempotent in Λ \ {0}.
Thus, Wλ∗(e0) = WJ0 . Therefore,
|We0W | = |W |
2
|Wλ∗(e0)|2
= |W |
2
|WJ0 |2
.
(a) Type Al : It follows from Theorem 3.2 that
λ∗
(
Λ \ {0})= {∅, {αj , . . . , αi−1, αi, αi+1, . . . , αk} | 1 j  i  k  l}.
If λ∗(e) = ∅, then λ∗(e) = J0 and |WJ0 | = |W(Ai−1) × W(Al−i )| = i!(l − i + 1)! and
|We0W | = |W |
2
|WJ0 |2
= ((l + 1)!)
2
(i!(l − i + 1)!)2 =
(
l + 1
i
)2
. (1)
If λ∗(e) = {αj , . . . , αi−1, αi, αi+1, . . . , αk} with 1 j  i  k  l, then
λ∗(e) =
{ {α1, . . . , αj−2, αk+2, . . . , αl} if j = 3, . . . , l;
{αk+2, . . . , αl} if j = 1,2.
So, |Wλ∗(e)| = |W(Ak−j+1)| = (k − j + 2)!, and
|Wλ∗(e)| =
∣∣W(Aj−2) × W(Al−k−1)∣∣= (j − 1)!(l − k)!,
where |W(A−1)| = |W(A0)| = 1. Thus
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2
|Wλ∗(e)| × |Wλ∗(e)|2
= ((l + 1)!)
2
(k − j + 2)!((j − 1)!(l − k)!)2
=
(
l + 1
k + 1
)2(
k + 1
j − 1
)2
(k − j + 2)!. (2)
Therefore, the order |Ri | of the Renner monoid Ri with 1 i  l is
|Ri | = 1 +
(
l + 1
i
)2
+
∑
1jikl
(
l + 1
k + 1
)2(
k + 1
j − 1
)2
(k − j + 2)!
= 1 +
∑
0j<i<kl+1
or j=i=k
(
l + 1
k
)2(
k
j
)2
(k − j)!.
This proves the case Al . Note that the J -irreducible monoid M1 here is Ml+1(K) in this
case. Our result for the order |R1| of the Renner monoid of M1 matches that of [13].
(b) Type Bl : From Theorem 3.2 we see that
λ∗
(
Λ \ {0})= {∅, {αj , . . . , αi−1, αi, αi+1, . . . , αk} | 1 j  i  k  l}.
If λ∗(e) = ∅, then λ∗(e) = J0 and |WJ0 | = |W(Ai−1) × W(Bl−i )| = i!2l−i (l − i)!, and
|We0W | = |W |
2
|WJ0 |2
= (2
l l!)2
(i!2l−i (l − i)!)2 = 4
i
(
l
i
)2
. (3)
If λ∗(e) = {αj , . . . , αi−1, αi, αi+1, . . . , αk} with 1 j  i  k  l − 1, then
λ∗(e) =
{ {α1, . . . , αj−2, αk+2, . . . , αl} if j = 3, . . . , l − 1;
{αk+2, . . . , αl} if j = 1,2.
Thus |Wλ∗(e)| = |W(Ak−j+1)| = (k − j + 2)! and
|Wλ∗(e)| =
∣∣W(Aj−2) × W(Bl−k−1)∣∣= (j − 1)!2l−k−1(l − k − 1)!,
where |W(A−1)| = |W(A0)| = |W(B0)| = 1. So
|WeW | = |W |
2
|Wλ∗(e)| × |Wλ∗(e)|2
= (2
l l!)2
(k − j + 2)!((j − 1)!2l−k−1(l − k − 1)!)2
= 4k+1
(
l
)2(
k + 1)2
(k − j + 2)!. (4)k + 1 j − 1
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and λ∗(e) = {α1, . . . , αj−2} for j = 3, . . . , l. So,
|Wλ∗(e)| =
∣∣W(Bl−j+1)∣∣= 2l−j+1(l − j + 1)! and |Wλ∗(e)| = ∣∣W(Aj−2)∣∣= (j − 1)!.
Thus,
|WeW | = (2
l l!)2
2l−j+1(l − j + 1)!((j − 1)!)2
= 2l+j−1
(
l
j − 1
)2
(l − j + 1)!. (5)
Therefore, the order |Ri | of the Renner monoid Ri with 1 i  l is
|Ri | = 1 + 4i
(
l
i
)2
+
∑
1jikl−1
4k+1
(
l
k + 1
)2(
k + 1
j − 1
)2
(k − j + 2)!
+
∑
1ji
2l+j−1
(
l
j − 1
)2
(l − j + 1)!
= 1 +
∑
0j<i<kl
or j=i=k
4k
(
l
k
)2(
k
j
)2
(k − j)! +
∑
0j<i
2l+j−1
(
l
j
)2
(l − j)!.
This proves the case Bl . It is not difficult to see that the J -irreducible monoid M1 is the
odd orthogonal monoid MSO2l+1(K) defined in [4]. Our result for the cardinality of R1 is
the same as that of [4].
(c) Type Cl : For 1 i  l with l  3,
|Ri | = 1 +
∑
0j<i<kl
or j=i=k
4k
(
l
k
)2(
k
j
)2
(k − j)! +
∑
0j<i
2l+j−1
(
l
j
)2
(l − j)!.
The calculation is the same as that in type Bl , since
λ∗
(
Λ \ {0})= {∅, {αj , . . . , αi−1, αi, αi+1, . . . , αk} | 1 j  i  k  l}
is the same as that of type Bl . Besides, the Weyl group of type Cl is also the same as that of
type Bl . Note that, in this case, the J -irreducible monoid M1 here is the symplectic monoid
MSp2l (K) defined in [5]. Our result for the cardinality of R1 agrees with that of [5].
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λ∗
(
Λ \ {0})= {∅, {αj , . . . , αi−1, αi, αi+1, . . . , αk} | 1 j  i  k  l;
{αj , . . . , αi−1, αi, αi+1, . . . , αl−2, αl} | 1 j  i  l − 2
}
.
If λ∗(e) = ∅, then λ∗(e) = J0 and |WJ0 | = |W(Ai−1)×W(Dl−i )| = i!2l−i−1(l− i)!, where
D3 ∼= A3 and D2 ∼= A1 × A1, and
|We0W | = |W |
2
|WJ0 |2
= (2
l−1l!)2
(i!2l−i−1(l − i)!)2 = 4
i
(
l
i
)2
. (6)
If λ∗(e) = {αj , . . . , αi−1, αi, αi+1, . . . , αk} with 1 j  i  k  l − 1, then
λ∗(e) =
{ {α1, . . . , αj−2, αk+2, . . . , αl} if j = 3, . . . , l − 2;
{αk+2, . . . , αl} if j = 1,2.
Then |Wλ∗(e)| = |W(Ak−j+1)| = (k − j + 2)!, and
|Wλ∗(e)| =
∣∣W(Aj−2) × W(Dl−k−1)∣∣=
{
(j − 1)!2l−k−2(l − k − 1)! for k < l − 1,
(j − 1)! for k = l − 1,
where |W(A−1)| = |W(A0)| = |W(D0)| = 1 (note that the same special cases may apply
below when needed; we will not write them out again for the sake of simplicity). Then
|WeW | = |W |
2
|Wλ∗(e)| × |Wλ∗(e)|2
=
⎧⎨
⎩
4k+1
(
l
k+1
)2(k+1
j−1
)2
(k − j + 2)! for k < l − 1,
4l−1
(
l
j−1
)2
(k − j + 2)! for k = l − 1.
(7)
If λ∗(e) = {αj , . . . , αi−1, αi, αi+1, . . . , αl−2, αl−1, αl} with 1 j  i  l − 2, then
λ∗(e) =
{ {α1, . . . , αj−2} if j = 3, . . . , l − 2;
∅ if j = 1,2.
So, |Wλ∗(e)| = |W(Dk−j+1)| = 2l−j (l − j + 1)!, and |Wλ∗(e)| = |W(Aj−2)| = (j − 1)!.
Thus,
|WeW | = (2
l−1l!)2
2l−j (l − j + 1)!((j − 1)!)2
= 2l+j−2
(
l
)2
(l − j + 1)!. (8)
j − 1
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λ∗(e) =
{ {α1, . . . , αj−2} if j = 3, . . . , l − 2;
∅ if j = 1,2.
Thus |Wλ∗(e)| = |W(Al−j )| = (l − j + 1)!, and |Wλ∗(e)| = |W(Aj−2)| = (j − 1)!. So,
|WeW | = (2
l−1l!)2
(l − j + 1)!((j − 1)!)2
= 4l−1
(
l
j − 1
)2
(l − j + 1)!. (9)
From (6) to (9), we get the order |Ri | of the Renner monoid Ri , for 1 i  l − 2,
|Ri | = 1 + 4i
(
l
i
)2
+
∑
1jikl−2
4k+1
(
l
k + 1
)2(
k + 1
j − 1
)2
(k − j + 2)!
+ 2
∑
1ji
4l−1
(
l
j − 1
)2
(l − j + 1)! +
∑
1ji
2l+j−2
(
l
j − 1
)2
(l − j + 1)!
= 1 + 4i
(
l
i
)2
+
∑
0j<i<kl−1
4k
(
l
k
)2(
k
j
)2
(k − j)!
+
∑
0j<i
22l−1
(
l
j
)2
(l − j)! +
∑
0j<i
2l+j−1
(
l
j
)2
(l − j)!
= 1 +
∑
0j<i<kl
or j=i=k
4k
(
l
k
)2(
k
j
)2
(k − j)! +
∑
0j<i
(
2l+j−1 − 22l−1)( l
j
)2
(l − j)!.
(2) For i = l − 1,
λ∗
(
Λ \ {0})= {∅, {αj , . . . , αl−2, αl−1} | 1 j  l − 1;
{αj , . . . , αl−2, αl−1, αl} | 1 j  l − 2
}
.
If λ∗(e) = ∅, then λ∗(e) = J0 and |WJ0 | = |W(Al−1)| = l!, and
|We0W | = |W |
2
|WJ0 |2
= (2
l−1l!)2
(l!)2 = 4
l−1. (10)
If λ∗(e) = {αj , . . . , αl−2, αl−1} with 1  j  l − 1, then λ∗(e) = {α1, . . . , αj−2} for j =
3, . . . , l − 1 and λ∗(e) = ∅ for j = 1,2. Then
|Wλ∗(e)| =
∣∣W(Al−j )∣∣= (l − j + 1)!, |Wλ∗(e)| = ∣∣W(Aj−2)∣∣= (j − 1)!,
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|WeW | = |W |
2
|Wλ∗(e)| × |Wλ∗(e)|2
= (2
l−1l!)2
(l − j + 1)!((j − 1)!)2
= 4l−1
(
l
j − 1
)2
(l − j + 1)!. (11)
If λ∗(e) = {αj , . . . , αl−2, αl−1, αl} with 1  j  l − 2, then λ∗(e) = ∅ for j = 1,2 and
λ∗(e) = {α1, . . . , αj−2} for j = 3, . . . , l − 2. So,
|Wλ∗(e)| =
∣∣W(Dl−j+1)∣∣= 2l−j (l − j + 1)!,
where D3 = A3, and |Wλ∗(e)| = |W(Aj−2)| = (j − 1)!. Then
|WeW | = (2
l−1l!)2
2l−j (l − j + 1)!((j − 1)!)2
= 2l+j−2
(
l
j − 1
)2
(l − j + 1)!. (12)
From (10) to (12), we get the order |Rl−1| of the Renner monoid of Ml−1,
|Rl−1| = 1 + 4l−1 +
∑
1jl−1
4l−1
(
l
j − 1
)2
(l − j + 1)!
+
∑
1jl−2
2l+j−2
(
l
j − 1
)2
(l − j + 1)!.
We then have
|Rl−1| = 1 + 22l−2 +
∑
0jl−2
4l−1
(
l
j
)2
(l − j)! +
∑
0jl−3
2l+j−1
(
l
j
)2
(l − j)!.
Therefore,
|Rl−1| = 1 + 22l−2 + 22l−3l2(l − 1)2 +
∑
0jl−3
(
2l+j−1 + 22l−2)( l
j
)2
(l − j)!.
Note that |Rl | = |Rl−1|, which can be seen from the symmetry of αl−1 and αl .
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even orthogonal monoid MSO2l (K) defined in [3]. Our result for the cardinality |R1| of
the Renner monoid of M1 matches that of [3].
(e6) Type E6:
Case R1: J0 = {α2, α3, α4, α5, α6}. Using Theorem 3.2, we obtain
λ∗
(
Λ \ {0})= {φ, {α1}, {α1, α2}, {α1, α2, α3}, {α1, α2, α3, α5},
{α1, α2, α3, α5, α6}, {α1, α2, α3, α4},
{α1, α2, α3, α4, α5}, {α1, α2, α3, α4, α5, α6}
}
.
If e = e0 is the minimal idempotent in Λ \ {0}, we have
|We0W | = |W |
2
|WJ0 |2
,
where WJ0 ∼= W(D5). It is easy to see that
|We0W | = |W(E6)|
2
|W(D5)|2 =
(27345)2
(245!)2 = 3
6. (13)
If λ∗(e) = {α1}, by (ii) of Theorem 3.2, we have λ∗(e) = {α3, α4, α5, α6}. So,
Wλ∗(e) ∼= W(A1), Wλ∗(e) ∼= W(A4),
and |Wλ∗(e)| = 2 and |Wλ∗(e)| = 5!. Therefore,
|WeW | = (2
7345)2
2(5!)2 = 2
736. (14)
If λ∗(e) = {α1, α2}, by (ii) of Theorem 3.2, we have λ∗(e) = {α4, α5, α6}. So,
Wλ∗(e) ∼= W(A2), Wλ∗(e) ∼= W(A2) × W(A1),
and |Wλ∗(e)| = 3! and |Wλ∗(e)| = 3! × 2!. Therefore,
|WeW | = (2
7345)2
3!(3!2!)2 = 2
93552. (15)
If λ∗(e) = {α1, α2, α3}, by (ii) of Theorem 3.2, we have λ∗(e) = {α6}. So,
Wλ∗(e) ∼= W(A3), Wλ∗(e) ∼= W(A1),
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|WeW | = (2
7345)2
4!(2!)2 = 2
93752. (16)
If λ∗(e) = {α1, α2, α3, α5}, by (ii) of Theorem 3.2, we have λ∗(e) = ∅. So,
Wλ∗(e) ∼= W(A4), Wλ∗(e) ∼= 1,
and |Wλ∗(e)| = 5! and |Wλ∗(e)| = 1. Therefore,
|WeW | = (2
7345)2
5! = 2
11375. (17)
If λ∗(e) = {α1, α2, α3, α5, α6}, by (ii) of Theorem 3.2, we have λ∗(e) = ∅. So,
Wλ∗(e) ∼= W(A5), Wλ∗(e) ∼= 1,
and |Wλ∗(e)| = 6! and |Wλ∗(e)| = 1. Therefore,
|WeW | = (2
7345)2
6! = 2
10365. (18)
If λ∗(e) = {α1, α2, α3, α4}, by (ii) of Theorem 3.2, we have λ∗(e) = {α6}. So,
Wλ∗(e) ∼= W(A4), Wλ∗(e) ∼= W(A1),
and |Wλ∗(e)| = 5! and |Wλ∗(e)| = 2. Therefore,
|WeW | = (2
7345)2
5!22 = 2
9375. (19)
If λ∗(e) = {α1, α2, α3, α4, α5}, by (ii) of Theorem 3.2, we have λ∗(e) = ∅. So,
Wλ∗(e) ∼= W(D5), Wλ∗(e) ∼= 1,
and |Wλ∗(e)| = 245! and |Wλ∗(e)| = 1. Therefore,
|WeW | = (2
7345)2
245! = 2
7375. (20)
If λ∗(e) = {α1, α2, α3, α4, α5, α6}, then e is the identity element in Λ \ {0}, and hence
|WeW | = ∣∣W(E6)∣∣= 27345. (21)
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|R| = 64375642 = 2 × 32187821.
This completes the calculation of the order |R1| of the Renner monoid of M1 associated
with the first fundamental dominant weight in the case of E6.
Case Ri (with i = 2, . . . ,6): J0 = {α1, . . . , αi−1, αi+1, . . . , α6}. The calculations of |Ri |
are similar.
The results of |Ri | for types E7, E8, F4, and G2 can be computed in the same way. We
omit the tedious computations. This completes the proof of Theorem 3.3. 
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